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From Liouville’s equation, a phase-space multi-scale transport equation is system-
atically derived. The proposed phase-space multi-scale transport equation based
on the first principle indicates that the nonlinear stochastic transport is due to the
micro-turbulence scattering while the familiar quasilinear transport is due to the
long-range correlation of the meso-scale coherent modes; and more interestingly,
it demonstrates a systematic derivation of the fractional transport equation that
may provide a new view-angle to understand the anomalous transport observed in
plasma turbulence. The multi-scale kinetics suggests a new approach to confinement
improvement through the formation of nonlinearly self-organized stable large-scale
structures.
PACS numbers: 52.25.Dg, 52.25.Fi, 52.20.Dq, 52.65.-y
∗ wangsj@ustc.edu.cn
2I. INTRODUCTION
Transport is one of the most challenging scientific problems for many years[1, 2]. Whereas
the motion of a single particle is described by the Hamiltonian dynamics[3–6], the physi-
cal kinetics of a many-particle system is governed by Liouville’s (Vlasov’s) equation[7]. In
magnetic confinement fusion researches, the problem of transport is treated by solving Li-
ouville’s equation for the particle distribution in the phase space, and the kinetic equation
is nonlinearly coupled with Maxwell’s equations, because the motion of charged particles
depends on the electromagnetic fields that depend on the distribution of charged particles
[7–10]. Generally, the fields can be decomposed into the fluctuating part and the averaged
part [7]. The fluctuations due to the particle discreteness and the collective instabilities of
the plasma are known respectively as the collisional dissipation described by the Fokker-
Planck (FP) equation[11] and the micro-turbulence[8–10, 12] described by the gyrokinetic
Vlasov (Liouville) equation[13, 14] which does not explicitly display the nonlinear stochastic
dissipation. The standard FP transport equation[1, 9, 10, 12, 15] describes the transport
fluxes in terms of the local thermal dynamic forces. However, the anomalous transport is
still a difficult unsolved problem[12]. In fact, there are counter-examples to the local trans-
port paradigm[16], and the fractional kinetics has also been investigated to understand the
anomalous transport[2]. Recently, Liouville’s equation has been solved in limiting cases to
explicitly display the nonlinear turbulence dissipation in terms of the FP operator[17, 18]
and the modified quasilinear diffusion due to the coherent waves[19, 20]. However, it is
not clear what is the physical difference between the quasilinear transport and the nonlinear
stochastic transport, and how can one derive a fractional transport equation from Liouville’s
equation.
In this paper, we shall derive a transport equation from Liouville’s theorem to describe the
multi-scale transport in phase-space, which includes the quasilinear, the nonlinear stochas-
tic, and the fractional transport. Although the purpose of this work is to provide a new
framework in first principle to understand the anomalous transport in fusion plasmas due
to the micro-turbulence and coherent waves, the methods developed are also useful in astro-
physics[1], space plasma turbulence[21], and statistical physics of nonlinear and chaotic
systems[2, 7].
The remaining parts of this paper is organized as follows. In Sec. II, we decouple the
3irregular motion from the regular motion by using the Lie-transform method. In Sec. III, we
derive the multi-scale phase space transport equation. In Sec. IV, we derive the nonlinear
stochastic transport and quasilinear transport equation. In Sec. V, we derive the fractional
transport equation. In Sec. VI, we summarize the main results and discuss the implications
of the multi-scale kinetics to the improvement of confinement.
II. DECOUPLING THE IRREGULAR FROM THE REGULAR MOTION
We begin with the single particle Hamiltonian dynamics. Following Brizard’s geometrical
view[6] on the Lie-transform perturbation method[3–5], we write down the fundamental one-
form (Lagrangian),
dA = ΓidZ i − (H0 + ǫH1) dt− Sdǫ, (1)
where Z is the 6-dimensional phase-space noncanonical coordinates. The Hamiltonian is
split into the unperturbed part H0 and the perturbation part H1, with ǫ a formal perturba-
tion parameter. Note that a general electro-magnetic perturbation problem can be described
by Eq. (1)[17, 18].
The particle motion is governed by the unperturbed Poisson brackets and the perturbed
Hamiltonian,
∂tZ
i (t, ǫ) =
{
Z i, H0 + ǫH1
}
, (2a)
∂ǫZ
i (t, ǫ) =
{
Z i, S
}
. (2b)
Eqs. (2a and 2b) describe the t− dynamics and the ǫ− dynamics, respectively, which can
be understood by examining dZ i (t, ǫ) = [dt∂t + dǫ∂ǫ]Z
i (t, ǫ), and keeping in mind that t
and ǫ are two parameters independent of each other[6].
The Lie-transform generating function S for the ǫ− flow is given by
∂tS + {S,H0 + ǫH1} = ∂ǫH = H1. (3)
Eqs. (2a and 2b) indicate that the particle orbit from t0 to t can be found by first pushing
the particle over t with ǫ = 0 held and then pushing the particle over ǫ with S (t0) = 0. The
solution of Eq. (2b) is given by[6]
Z i (t, ǫ) = T −1ǫ Z i (t, t0) ≡ exp
[
−
∫ ǫ
0
dǫ {S (Z, t, ǫ) , }
]
Z i (t, 0) . (4)
4Note that the familiar solution to Eq. (2a) with ǫ = 0 is
Z i (t, 0) = T −1t,0 Z i (t, 0) ≡ exp
[
−
∫ t
t0
dt {H0, }
]
Z i (t0, 0) . (5)
Since Poisson’s brackets are independent of ǫ, one finds
T −1ǫ = exp
[
−
{∫ ǫ
0
dǫS (Z, t, ǫ) ,
}]
≡ exp [−{S∫ ,}] . (6)
Let
Gi =
{
Z i, S∫
}
. (7)
One finds
T −1ǫ = exp [G · ∂Z ] = exp
[
Gi∂i
]
, (8)
and the phase-space incompressibility condition[14, 17, 18, 20],
∂Z ·G ≡ 1J ∂i
(JGi) = 0, (9)
with J the Jacobian of the phase-space.
The generating function can be solved in a perturbative way. Expanding S as
S (Z, t, ǫ) =
∞∑
n=1
ǫn−1Sn (Z, t) , (10)
and substituting into Eq. (3), one finds
∂tS1 + {S1, H0} = H1, (11a)
∂tSn + {Sn, H0} = −{Sn−1, H1} , n ≥ 2; (11b)
S∫ (Z, t, ǫ) =
∞∑
n=1
ǫn
1
n
Sn (Z, t) . (12)
The above perturbative solution is slightly different from Dragt-Finn’s scheme[3], however,
it exactly agrees with Dragt-Finn’s result up to the second order. The convergence of
the above scheme can be understood by examining a unperturbed system, with a time-
independent Hamiltonian H . If one writes the Hamiltonian formally as ǫH , and runs the
above Lie-transform calculation, one finds the exact solution.
We note that with the above transform, the irregular motion described by H1 is decoupled
from the regular motion described by H0.
5III. MULTI-SCALE TRANSPORT IN PHASE SPACE
The particle distribution function f (Z, t, ǫ) satisfies Liouville’s theorem, df = 0, with
df = dt
[
∂t + ∂tZ
i (t, ǫ) ∂i
]
f + dǫ
[
∂ǫ + ∂ǫZ
i (t, ǫ) ∂i
]
f, (13)
where again t and ǫ are understood as independent of each other. The t− kinetics is given
by
0 = ∂tf (Z, t, ǫ) + ∂tZ
i (t, ǫ) ∂if, (14a)
= ∂tf + {f,H0 + ǫH1} , (14b)
and the ǫ− kinetics is given by
0 = ∂ǫf (Z, t, ǫ) + ∂ǫZ
i (t, ǫ) ∂if, (15a)
= ∂ǫf + {f, S} . (15b)
Given the distribution at t0, f (Z, t0, ǫ), one can find the distribution at t by first inte-
grating Eq. (14b) with ǫ = 0 held (along the unperturbed orbit),
0 = ∂tf (Z, t, 0) + {f,H0} , (16)
to find
f (Z, t, 0) = T −1t,0 f (Z, t0, ǫ) , (17)
and then integrating Eq. (15b) over ǫ with S (t0) = 0,
f (Z, t, ǫ)− f (Z, t, 0) = [T −1ǫ − 1] f (Z, t, 0) ≡ C∫ f (Z, t, 0) . (18)
The nonlinear turbulence scattering operator C∫ can be expanded by using Eq. (8) and
Eq. (9),
C∫ = ∂Z ·
∞∑
n=0
G (G · ∂Z∂Z ·G)n
[
1
(2n + 1)!
+
1
(2n+ 2)!
G · ∂Z
]
, (19)
Setting t0 = t − τ , one can use Eq. (17) and Eq. (18) to evolve the distribution over
a time interval τ . Eqs.(17-19) give the general solution to the Liouville (Vlasov) equation,
including the complexity of multi-scale or nonlocal kinetics, which will be clarified in the
following.
6Note that the above Lie-transform solution can be understood by the usual characteristic
method. Let ∆Z (t) = T −1ǫ Z (t, 0)−Z (t, 0), then Z (t, ǫ) = Z (t, 0)+∆Z (t). The standard
characteristic method gives the solution
f [Z, t, ǫ] = f (Z −∆Z, t, 0) . (20)
Writing ∆Z (t) in terms of the Lie-transform expansion [−∆Z (t) = G + 1
2
G · ∂ZG + ...],
and making the Taylor expansion of Eq. (20), one finds the solution by the characteristic
method exactly agrees with the Lie-transform method; the point is that Eq. (20) is the
scalar invariance rule of the pull-back transform[4][c. f. Eq. (18) and Eq. (19)].
Truncating Eq. (19) to the second order results to
C∫ = ∂Z ·
[
G+
1
2
GG · ∂Z
]
, (21)
which corresponds to the local FP transport theory[17–20]], when G is computed by using
the second order expansion of Eq. (12).
However, the truncation scheme should be carefully examined. The second-order trunca-
tion, Eq. (21), requires Gi∂if ≪ f , while the second-order truncation in Eq. (12) requires
that the real orbit does not deviate much away from the unperturbed orbit within τ . This
is clearly valid for the quasilinear transport[19, 20]. In the nonlinear stage, one can keep
τ short enough to make the second-order expansion valid, and the above scheme can be
repeatedly used to advance the distribution over time; if this short τ is comparable to the
turbulence correlation time, the local diffusive transport can be simply revealed[17, 18]; the
”τ constraint” has been discussed in detail in Ref. [18].
To proceed, we split the distribution into the fluctuating part f˜ and the ensemble-averaged
part: f = f˜ + F , F ≡ 〈f〉. In a usual stochastic system[1], scales may be separated by the
typical correlation time τc and the typical correlation length λc, which is defined as follows.
When τ ≥ τc, GG/τ ∼ λ2c/τc. The scale-length of the ensemble-averaged distribution F
is denoted by l, with l ≫ λc. Let δ ≡ λc/l ≪ 1. Then the averaged distribution evolves
on the time scale δ−2τc. The typical scale-length of the fluctuating part of distribution f˜
is ∼ λc and its time scale is ∼ τc. If one determines to examine the micro-scale kinetics of
the fluctuation, the down limit of time interval can approach zero; if one investigates the
large-scale kinetics, the down limit of time interval is τc [1]. The ensemble average is defined
7as
〈f (Z)〉 = Liml≫∆Z≥λc
1
∆Z6
∫
∆Z6
dZ6f (Z) . (22)
The ensemble average over the phase-space volume element with the scale length larger
than the turbulence correlation length essentially smooths out the stochastic fluctuations.
Obviously, ∆Z6 is similar to the usual fluid element; it is infinitely large in the microscopic
view, but infinitely small in the macroscopic view.
It follows from Eq. (17) and Eq. (18) that the evolution of the fluctuating part and the
ensemble-averaged part of distribution can be written as
f˜ (Z, t, 0) = T −1t,0 f˜ (Z, t− τ, ǫ) , (23a)
F (Z, t, 0) = T −1t,0 F (Z, t− τ, ǫ) ; (23b)
f˜ (Z, t, ǫ)− f˜ (Z, t, 0) = C∫ f˜ (Z, t, 0) + C˜∫F (Z, t− τ, ǫ)−O
[
〈C∫ f˜〉
]
, (24a)
F (Z, t, ǫ)− F (Z, t− τ, ǫ) = 〈C∫ 〉F (Z, t− τ, ǫ) +O
[
〈C∫ f˜〉
]
, (24b)
where we have assumed that 〈C∫ f˜〉 = 0, which should be justified for τ longer than the
turbulence correlation time τc in a stochastic turbulence.
If one sets τ > τc, one has G > λc. Clearly the second-order expansion of Eq. (24a)
breaks down for the case of strong turbulence due to the slow convergence of C∫ f˜ [ c.
f., Eq. (19)]. The combination of Eq. (24a), Eq. (19) and Eq. (12) demonstrates the
complexity of the hierarchy folding of the orbits and the mode-mode coupling of the micro-
kinetics; when looking at the asymptotic limit t → ∞, the folding goes to infinity. By
examining the characteristic method, Eq. (20), one understands that Eq. (24a) includes
nonlocal behaviors in micro-kinetics, since ∆Z (τc) ∼ G (τc) may be larger than the typical
wavelength of the micro-kinetics. Identifying this complexity of the nonlocal behavior and
the multi-scale hierarchy of the micro-kinetics may help one to understand the random-
phase of the microscopic fluctuations[9]. In the practical computation where the resolution
of the micro-scale kinetics is needed, the convenience of the second-order truncation should
be restricted under the condition ∆t = τ ∼ δτc.
However, the large-scale kinetics is given by Eq. (24b), with τ ≥ τc, and〈C∫ 〉 = ∂Z · ∞∑
n=0
[〈G (G · ∂Z∂Z ·G)n〉
(2n+ 1)!
+
〈G (G · ∂Z∂Z ·G)nG〉
(2n+ 2)!
· ∂Z
]
. (25)
which accounts for a multi-scale or nonlocal transport.
8IV. FOKKER-PLANCK EQUATION, NONLINEAR STOCHASTIC
TRANSPORT AND QUASILINEAR TRANSPORT
The FP transport equation is simply the second-order truncation written in the limit
τ → τc as[17, 18]
∂tF (Z, t) + {F,H0} = Limτ→τc
1
τ
〈C∫ 〉F = ∂Z ·
[〈G(τc)〉
τc
+
〈G(τc)G(τc)〉
2τc
· ∂Z
]
F, (26)
which is consistent with the Kolmogorov condition[2] 〈G2n+2〉 = 0, n ≥ 1. Note that the FP
operator contains the effects of nonlinear turbulence scattering.
It should be pointed out that the large-scale coherent structures, with the typical wave-
length λl ≫ λc, survive the ensemble-average. Eq. (25) and Eq. (26) contain the meso-scale
kinetics, such as the low-frequency zonal flows [22] and the quasilinear transport induced by
the growth of large-scale coherent modes [19, 20].
To deal with the macro-kinetics of the quasilinear transport in a confinement system, we
introduce the macro-average operator 〈〉
θ
, which can be taken as time-averaging over the pe-
riodic variables. For example, in a tokamak system, we can take Z = (J1, J2, J3, θ1, θ2, θ3),
with θ1 the gyro-angle, θ2 the poloidal angle, θ3 the toroidal angle, and J i the three inde-
pendent constants of unperturbed motion.
〈A〉
θ
=
∮
J dθA/
∮
J dθ. (27)
Usually, one of the constants of motion (J1), e.g. the toroidal canonical angular momentum,
is essentially the generalized minor radius, and the other two can be chosen as the magnetic
moment and the energy. In this case, F¯ (J) ≡ 〈F (J , θ)〉
θ
and F (J , θ) = F¯ (J) + δF (J , θ)
should be understood[19, 20]. For simplicity, we ignore the stochasticity and focus on the
effects of the large-scale coherent modes; Eq. (26) is reduced to
∂tF (Z, t) + {F,H0} = ∂Z · [∂t 〈G〉F ] . (28)
Substituting F (J , θ) = F¯ (J) + δF (J , θ), one finds the linear solution[20]
δF =
〈
G
J
〉 · ∂J F¯ (J) . (29)
Substituting the result into Eq. (28) and taking the macro-average, one finds the quasilinear
transport equation[19, 20],
∂tF¯ (J , t) = ∂J ·
[
1
2
∂t
〈〈
G
J
〉 〈
G
J
〉〉
θ
· ∂J F¯
]
. (30)
9This demonstrates that the large-scale kinetic theory, Eq. (26), includes both the familiar
quasilinear transport and the nonlinear stochastic transport. It is a multi-scale kinetic
theory, which can treat the usual macro-scale transport and the meso-scale kinetics including
the large-scale coherent structures. The two-scale average method used here is different from
the previous ensemble average in dealing with the quasilinear transport due to the coherent
modes[19, 20], which is essentially the macro-average used here. Therefore, Eq. (26) is
different from Refs. [19 and 20]; it is an important generalization of Refs. [17 and 18]; note
that the second order truncation in Eq. (12) can be replaced by high order expansion in the
new framework.
The two-scale average [Eqs.(22 and 27)] interprets the nonlinear stochastic transport [Eq.
(26)] as the effect of the micro-turbulence scattering and the quasilinear transport [Eqs. (28
and 30)] as the effect of long-range correlation of the meso-scale coherent modes. Further
discussions on the multi-scale kinetics shall be given in the last section.
V. FRACTIONAL TRANSPORT EQUATION
For a general stochastic or Hamiltonian chaotic system, the Kolmogorov condition may
be oversimplified[2], and one has to use the nonlocal instead of the local transport equation.
The complicated operators in Eq. (25), with n ≥ 1, which account for the nonlocal or
multi-scale effects, have not been included in the standard FP equation. Consider a simple
one-dimensional random-walk model problem. Suppose that at the initial time, the particle
density distribution is N (x, t)t=0 = N0 [1 + ǫcos (kx)], with ǫ ≪ 1. Suppose the particles
randomly walk in the x direction with a step-size −G (τc) within the time interval τc, which
is the standard random walk diffusion model[1].
For a more general case, we introduce the modified Gaussian-type probabilistic distribu-
tion of G (t),
〈A [G( t )]〉 = 1√
4πDtα
∫ ∞
−∞
dzexp
[
−(z − ut
α)2
4Dtα
]
A (z) , (31)
where, u 6= 0 stands for the dynamic friction, which will be omitted for mathematical
simplicity in the following. α = 1 stands for the standard diffusion due to the random walk
model; 1 > α > 0 stands for the sub-diffusion; 2 > α > 1 stands for the super-diffusion case.
The particle distribution at time t found from the standard diffusion equation ∂tN (x, t) =
10
∂x (D∂xN), with the standard diffusivity[1] D = G
2 (τc) /2τc, is
∆N ≡ N (x, t)−N0 = ǫN0cos (kx) exp
(−k2Dt) . (32)
However, from Eq. (25), one finds
N (x, t)−N (x, 0) =
∞∑
n=1
1
(2n)!
〈
[G (t)]2n
〉
∂2nx N (x, 0) , (33)
Substituting N (x, 0) and Eq. (31), one finds
∆N = ǫN0cos (kx) exp
(−k2Dtα) . (34)
The solution with α = 1 agrees with Eq. (32). This illustrates the Fourier transform method
to solve the problem. For an initial distribution of the Gaussian packet,
N (x, t)t=0 = N0
1√
2πa2
exp
[
−(x− x0)
2
2a2
]
, (35)
one finds
N (x, t) = N0
1√
4πDtα + 2πa2
exp
[
− (x− x0)
2
4Dtα + 2a2
]
. (36)
This suggests a fractional transport equation[2],
∂α
∂tα
N (x, t) = ∂x (Dα∂xN) , (37)
Dα ≡ Lim (τ → τc)
〈
G (τ)G (τ)
2τα
〉
. (38)
Therefore, we have demonstrated that Eq. (25) includes the fractional transport, in addition
to the standard (diffusive) transport. Note that the fractional transport theory predicts the
decaying time ∼ a2/α, with a the system size; this is reminiscent of the tokamak confinement
scaling law[23] τE ∼ a2/α, with a the minor radius of the device and generally α 6= 1.
VI. CONCLUSIONS AND DISCUSSIONS
In conclusion, we have shown that the familiar quasilinear transport, the nonlinear
stochastic transport, and even the fractional transport, can be systematically derived from
Liouville’s theorem. The phase-pace multi-scale transport equation based on the first-
principle and the two-scale average method proposed in this paper indicate that the nonlinear
11
stochastic transport is due to the effect of the micro-turbulence scattering and the familiar
quasilinear transport is due to the effect of long-range correlation of the meso-scale coherent
modes. The new theory provides an opportunity to relate the anomalous transport observed
in magnetic fusion plasma turbulence to the fractional transport.
To discuss the implications of the multi-scale kinetics, we rewrite the ensemble averaged
transport equation, Eq. (26) and Eq. (22),
∂tF (Z, t) + {F,H0} = ∂Z ·
[〈G(τc)〉
τc
+
〈G(τc)G(τc)〉
2τc
· ∂Z
]
F, (39)
〈f (Z)〉 = Liml≫∆Z≥λc
1
∆Z6
∫
∆Z6
dZ6f (Z) ; (40)
and the macro-averaged transport equation for the quasilinear transport due to the large-
scale coherent modes, Eq. (30) and Eq. (27),
∂tF¯ (J , t) = ∂J ·
[
1
2
∂t
〈〈
G
J
〉 〈
G
J
〉〉
θ
· ∂J F¯
]
, (41)
〈A〉
θ
=
∮
J dθA/
∮
J dθ, (42)
with the linear behavior of the coherent modes given by F (J , θ) = F¯ (J) + δF (J , θ), and
δF =
〈
G
J
〉 · ∂J F¯ (J) . (43)
The nonlinear stochastic transport [Eq. (39)] is due to the effect of the micro-turbulence
scattering while the quasilinear transport [Eq. 41)] is due to the effect of long-range correla-
tion of the large-scale coherent modes. In a general turbulent tokamak plasma, anomalous
transport are composed of both the nonlinear stochastic transport due to the micro-scale
scattering and the quasilinear transport due to the growing of the large-scale coherent modes.
Zonal flows [22], as the meso-scale modes, do not directly generate transport by them-
selves, due to their toroidal symmetry. However, they can regulate the nonlinear stochastic
transport by taking energy from the background turbulence and reducing the radial correla-
tion length of the turbulence. This is the well-known paradigm to confinement improvement.
The present theory implies a new approach to confinement improvement. The scenario is
briefly summarized as follows. The development of the linearly unstable modes nonlinearly
generate micro-scale stochastic turbulence, meanwhile they can also nonlinearly generate
large-scale modes that are linearly stable, for example, the zonal flows. These coherent
12
modes, either the linearly unstable or the linearly stable modes except the toroidal symmetric
zonal flows, when they are growing, they contribute to the quasilinear transport [see, Eq.
(41)] and Eq. (43). However, in a steady-state turbulence these coherent modes cease
to contribute to the quasilinear transport, since they cease to grow due to the nonlinear
stochastic damping[17, 18]. Therefore, when the turbulence energy moves from the micro-
scale stochastic fluctuation to the large-scale coherent modes and eventually reach a new
steady-state, the anomalous transport is reduced and the confinement is improved. The point
is that all the steady-state large-scale coherent modes, including the large-scale symmetric
zonal flows, do not contribute to the anomalous transport by themselves. In this sense
the nonlinearly stable large-scale coherent modes can be regarded as the nonlinearly self-
organized stable large-scale structures.
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